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1 Introduction
The paper [1] by Gubser, Klebanov and Polyakov on the semi-classical limit of the AdS/CFT
duality has inspired a lot of interest in the investigation of the existing connections between the
classical string solutions, their semi-classically quantized versions and the relevant objects on
the field theory side. Different string configurations have been considered, describing rotating,
pulsating or orbiting strings. Much attention has been paid to string solutions in type IIB
AdS5 × S5 background with field theory dual N = 4 SU(N) SYM in four dimensional flat
space-time. Moreover, the string dynamics has been investigated in many other string theory
backgrounds, known to have field theory dual descriptions in different dimensions, with different
number of (or without) supersymmetries, conformal or non-conformal. Besides, membrane solu-
tions in M-theory backgrounds have been obtained [2] - [5]. In [2] - [4], M2-brane configurations
have been considered in AdS7 × S4 space-time, with field theory dual AN−1(2, 0) SCFT . Ro-
tating membrane solution in AdS7 have been obtained in [2]. Rotating and boosted membrane
configuration was investigated in [3]. Multiwrapped circular membrane, pulsating in the radial
direction of AdS7, has been considered in [4]. The article [5] is devoted to the investigation of
rotating membranes on G2 manifolds.
Here, we will be interested in obtaining new membrane solutions in AdS7 × S4 M-theory
background. In section 2, we give brief description of the recently received M2-brane solutions
in this space-time. In section 3, we firstly settle the framework, which we will work in.1 Then, we
proceed to find several M2-brane solutions, based on two different types of membrane embedding.
The generic formulas, necessary for our calculations in this section, are collected in appendix.
1Actually, we will use the general approach developed in [6].
1
2 Short review of the recent M2-brane solutions in AdS7 × S4
Let us review briefly some of the results obtained recently in [2] - [4], concerning the M2-brane
dynamics on AdS7 × S4 background.
In [2], a rotating membrane in AdS7 was considered. The background metric is taken in
global coordinates
ds2AdS7 = − cosh2 ρdt2 + dρ2 + sinh2 ρ
[
dθ2 + sin2 θ
(
dφ2 + sin2 φdΩ23
)]
.
The M2-brane worldvolume coordinates are (τ, σ, ϕ) and the rotating membrane configuration
is given by the ansatz
t = τ, ρ = ρ(σ), θ = θ(ϕ), φ = ωτ. (2.1)
Therefore, the metric seen by the M2-brane is
ds2 = − cosh2 ρdt2 + dρ2 + sinh2 ρ
(
dθ2 + sin2 θdφ2
)
.
This background does not depend on the coordinates t and φ, which leads to the conservation
of the corresponding generalized momenta - the energy and the spin of the membrane. For the
configuration (2.1), they were found to be
E = 4N
∫ ρ0
0
dρ
∫ θ2
θ1
dθ
cosh2 ρ sinh ρ√
cosh2 ρ− ω2 sinh2 ρ sin2 θ
,
s = 4Nω
∫ ρ0
0
dρ
∫ θ2
θ1
dθ
sinh3 ρ sin2 θ√
cosh2 ρ− ω2 sinh2 ρ sin2 θ
.
Rotating and boosted membrane configuration was investigated in [3]. The following coor-
dinates for the AdS7 × S4 metric have been used
l−2p ds
2
AdS7×S4
= 4R2
{
− cosh2 ρdt2 + dρ2 + sinh2 ρ
(
dψ21 + cos
2 ψ1dψ
2
2 + sin
2 ψ1dΩ
2
3
)
+
1
4
[
dα2 + cos2 αdθ2 + sin2 α
(
dβ2 + cos2 βdγ2
)]}
, (2.2)
dΩ23 = dψ
2
3 + cos
2 ψ3dψ
2
4 + cos
2 ψ3 cos
2 ψ4dψ
2
5 , R
3 = piN.
The coordinates which parameterize the membrane worldvolume are chosen to be (ξ1, ξ2, ξ3) =
(τ, δ, σ). Then, the considered M2-brane embedding can be written as follows
t = κτ, ρ = ρ(σ), ψ1 = pi/4, ψ2 =
√
2aδ, ψ5 =
√
2ωτ, θ = 2ντ, (2.3)
and all other coordinates set to zero. Hence, the background felt by the membrane is
ds2 = (2lpR)
2
[
− cosh2 ρdt2 + dρ2 + 1
2
sinh2 ρ
(
dψ22 + dψ
2
5
)
+
1
4
dθ2
]
.
This metric does not depend on four coordinates - t, ψ2, ψ5 and θ. The conserved quantities,
corresponding to the Killing vectors ∂/∂t, ∂/∂ψ5 and ∂/∂θ, have been obtained to be given by
2
the equalities
E =
4R3
pi
κ
∫ ρ0
0
sinh ρ cosh2 ρdρ√
(κ2 − ν2) cosh2 ρ− (ω2 − ν2) sinh2 ρ
,
S =
4R3
pi
ω
∫ ρ0
0
sinh3 ρdρ√
(κ2 − ν2) cosh2 ρ− (ω2 − ν2) sinh2 ρ
,
J =
4R3
pi
ν
∫ ρ0
0
sinh ρdρ√
(κ2 − ν2) cosh2 ρ− (ω2 − ν2) sinh2 ρ
.
It was pointed out in [3] that there exists the following connection between the energy E, the
spin S and the R-charge J of the membrane
E =
κ
ω
S +
κ
ν
J.
Then, this constraint has been used to determine the dependence of E on S and J .
Another type of M2-brane configuration - multiwrapped circular membrane pulsating in the
radial direction of AdS7, has been considered in [4]. The coordinates on AdS7 × S4 and on the
M2-brane worldvolume are chosen as in [3]. The membrane embedding is given by the ansatz
t = τ, ρ = ρ(τ), ψ1 = pi/4, ψ2 =
√
2aδ, ψ5 =
√
2mσ. (2.4)
It follows from here that the metric seen by the M2-brane is
ds2 = (2lpR)
2
[
− cosh2 ρdt2 + dρ2 + 1
2
sinh2 ρ
(
dψ22 + dψ
2
5
)]
. (2.5)
The relevant action for such membrane configuration reads [4]:
I = − (2R)3 am
∫
dt sinh2 ρ
√
cosh2 ρ− ρ˙2. (2.6)
3 New M2-brane solutions in AdS7 × S4
In considering the M2-brane dynamics, we will use the following action for a membrane moving
in curved space-time with metric tensor gMN (x), and interacting with a background 3-form
gauge field bMNP (x)
S =
∫
d3ξL =
∫
d3ξ
{
1
4λ0
[
gMN (X)
(
∂0 − λi∂i
)
XM
(
∂0 − λj∂j
)
XN (3.1)
−
(
2λ0T2
)2
det
(
gMN (X)∂iX
M∂jX
N
)]
+ T2bMNP (X)∂0X
M∂1X
N∂2X
P
}
,
ξ = (ξ0, ξ1, ξ2) = (τ, δ, σ), ∂m = ∂/∂ξ
m,
m = (0, i) = (0, 1, 2), M = (0, 1, . . . , 10),
where λm are Lagrange multipliers, xM = XM (ξ) are the membrane embedding coordinates,
and T2 is its tension. This action is classically equivalent to the Nambu-Goto type action
2
SNG = −T2
∫
d3ξ
[√
− det (∂mXM∂nXNgMN (X))− 1
6
εmnp∂mX
M∂nX
N∂pX
P bMNP (X)
]
,(3.2)
2Namely this action has been used in [2] - [4].
3
and to the Polyakov type action
SP = −T2
2
∫
d3ξ
{√−γ [γmn∂mXM∂nXNgMN (X)− 1]
− 1
3
εmnp∂mX
M∂nX
N∂pX
P bMNP (X)
}
,
as shown in [6].
We choose to work with the action (3.1), because it possesses the following advantages. First
of all, it does not contain square root, thus avoiding the introduction of additional nonlinearities
in the equations of motion. Besides, the equations of motion for the Lagrange multipliers λm
generate the independent constraints only
G00 − 2λjG0j + λiλjGij +
(
2λ0T2
)2
det (Gij) = 0, (3.3)
G0j − λiGij = 0,
where
Gmn = ∂mX
M∂nX
NgMN (X) (3.4)
is the metric induced on the membrane worldvolume. Finally, this action gives a unified descrip-
tion for the tensile and tensionless membranes, so the limit T2 → 0 may be taken at any stage
of our considerations.
Further on, we will use the gauge λm = constants, in which the equations of motion for XM ,
following from (3.1), are given by (G ≡ det (Gij))
gLN
[(
∂0 − λi∂i
)(
∂0 − λj∂j
)
XN −
(
2λ0T2
)2
∂i
(
GGij∂jX
N
)]
+ΓL,MN
[(
∂0 − λi∂i
)
XM
(
∂0 − λj∂j
)
XN −
(
2λ0T2
)2
GGij∂iX
M∂jX
N
]
= 2λ0T2HLMNP∂0X
M∂1X
N∂2X
P ,
where
ΓL,MN = gLKΓ
K
MN =
1
2
(∂MgNL + ∂NgML − ∂LgMN )
are the components of the symmetric connection compatible with the metric gMN and HLMNP
is the field strength of the 3-form gauge potential bMNP .
We will investigate the M2-brane dynamics in the framework of the following two types of
embedding (Λµm = constants)
Xµ(τ, ξi) = Λµmξ
m = Λµ0τ + Λ
µ
1δ + Λ
µ
2σ, X
a(τ, ξi) = Y a(τ), (3.5)
and
Xµ(τ, ξi) = Λµ1δ + Λ
µ
2σ + Y
µ(τ), Xa(τ, ξi) = Y a(τ). (3.6)
Here, the embedding coordinates XM (τ, ξi) are divided into XM = (Xµ,Xa), where Xµ(τ, ξi)
correspond to the space-time coordinates xµ, on which the background fields do not depend
∂µgMN = 0, ∂µbMNP = 0. (3.7)
In other words, we suppose that there exist nµ commuting Killing vectors ∂/∂x
µ, where nµ is
the number of the coordinates xµ. The two ansatzes - (3.5) and (3.6), will be referred to as
linear gauges and general gauges, in analogy with the name static gauge used for the embedding
Xm(ξn) = ξm.
All formulas, necessary for our calculations in this section, are given in appendix.
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3.1 Exact membrane solutions in linear gauges
Comparing the M2-brane embeddings (3.5) and (3.6), which we are going to explore, with the
previously used ones (2.1), (2.3) and (2.4), one sees that only (2.4) is of the same type. Namely,
it is particular case of (3.5), corresponding to (Xµ = X0,2,3,Xa = X1)
Λ00 = 1, Λ
0
i = 0, Λ
2
1 =
√
2a, Λ20 = Λ
2
2 = 0, Λ
3
2 =
√
2m, Λ30 = Λ
3
1 = 0,
X1(τ, δ, σ) = Y 1(τ) = ρ(τ).
As far as classical membrane solution has been not given in [4], we begin with obtaining such
solution, based on their ansatz (2.4). Let us first write down the two actions - (3.1) and (3.2),
for the case under consideration. To this end, we need to compute the induced metric (3.4). It
can be found by comparing (3.3) with (A.2), for example. Its nonzero components are
G00 = −(2lpR)2
(
cosh2 ρ− ρ˙2
)
, G11 = (2lpR)
2a2 sinh2 ρ, G22 = (2lpR)
2m2 sinh2 ρ.
Taking this into account, one receives
SNG = −(2pi)2T2(2lpR)3am
∫
dt sinh2 ρ
√
cosh2 ρ− ρ˙2,
which reproduces the Nambu-Goto type action (2.6), used in [4], for
T2 =
1
(2pi)2l3p
.
Our action for this case is given by (A.1), and it reads
SLG =
(2pilpR)
2
λ0
∫
dt
{
ρ˙2 +
[(
λ1a
)2
+
(
λ2m
)2]
sinh2 ρ (3.8)
− cosh2 ρ−
(
2λ0T2
)2
(2lpR)
2a2m2 sinh4 ρ
}
.
Since our membrane configuration is defined by (2.4), the relevant background is (2.5). It
does not depend on x0 = t, x2 = ψ2 and x
3 = ψ5, i.e. we have three commuting Killing vectors
∂/∂t, ∂/∂ψ2 and ∂/∂ψ5. Correspondingly, the Lagrangian in (3.8) does not depend on x
0 = t,
x2 = ψ2 and x
3 = ψ5. Therefore, the conjugated momenta P0 = Pt, P2 = Pψ2 and P3 = Pψ5 are
conserved. From (A.5), one obtains the following explicit expressions for them
P0 = −(2lpR)
2
2λ0
cosh2 ρ, P2 = −
√
2aλ1
(2lpR)
2
4λ0
sinh2 ρ, P3 = −
√
2mλ2
(2lpR)
2
4λ0
sinh2 ρ.
For compatibility of the membrane embedding with the constraints (A.3), the conditions
(A.6) must be fulfilled. In the present case, they lead to P2 = P3 = 0. This means that we have
to work in the worldvolume gauge λi = 0. Then
P2 = P3 ≡ 0, Λµi Pµ ≡ 0,
and the constraints (A.3) are also identically satisfied.
In linear gauges, there is another consistency condition - (A.7), which connect the membrane
energy E with all the conserved momenta Pµ. For the embedding, we are considering, (A.7)
just states that
E = −V P0 = const.
5
Thus, in the framework of the ansatz (2.4), the only nontrivial conserved quantity is the M2-
brane energy.
Finally, it remains to present the solution of the equations of motion (A.9) and of the
constraint (A.8). Our background (2.5) depends on only one coordinate - x1 = ρ. In this case,
as explained in the appendix, the constraint (A.8) is first integral for the equation of motion for
ρ(τ), and the general solution satisfying τ (ρ0) = τ0 is given by (A.19). For the case at hand, it
reads
τ (ρ) = τ0 +
∫ ρ
ρ0
dρ
[
λ0E
(2pilpR)2
− cosh2 ρ−
(
2λ0T2
)2
(2lpR)
2a2m2 sinh4 ρ
]−1/2
. (3.9)
Let us now try to find a membrane solution based on more general embedding of the type
(3.5), when the background seen by the M2-brane depends on two coordinates. To this end, we
choose the following ansatz (Xµ = X0,3,4,Xa = X1,2 in our notations)
X0(τ, δ, σ) ≡ t(τ, δ, σ) = τ,
X1(τ, δ, σ) = Y 1(τ) = ρ(τ),
X2(τ, δ, σ) = Y 2(τ) = ψ1(τ), (3.10)
X3(τ, δ, σ) ≡ ψ2(τ, δ, σ) = Λ31δ + Λ32σ,
X4(τ, δ, σ) ≡ ψ5(τ, δ, σ) = Λ41δ + Λ42σ.
Comparing with (2.2), one sees that the relevant background metric is
ds2 = (2lpR)
2
[
− cosh2 ρdt2 + dρ2 + sinh2 ρ
(
dψ21 + cos
2 ψ1dψ
2
2 + sin
2 ψ1dψ
2
5
)]
. (3.11)
For the above membrane configuration, our action (A.1), in worldvolume gauge λi = 0, reads
SLG =
(2pilpR)
2
λ0
∫
dt
[
ρ˙2 + ψ˙1
2
sinh2 ρ− cosh2 ρ (3.12)
− (2lpR)2
(
2λ0T2∆
)2
sinh4 ρ sin2 ψ1 cos
2 ψ1
]
,
∆ = Λ31Λ
4
2 − Λ41Λ32.
The corresponding Nambu-Goto type action is
SNG = −(2pi)2(2lpR)3T2∆
∫
dt sinh2 ρ sinψ1 cosψ1
√
cosh2 ρ− ρ˙2 − ψ˙12 sinh2 ρ. (3.13)
According to (A.5) and (A.7), the conserved quantities are given by
E = −(2pi)2P0 = (4pilpR)
2
2λ0
cosh2 ρ, P3 = P4 = 0.
The compatibility conditions (A.6), and therefore - the constraints (A.3), are identically satisfied.
So, our next task is to solve the equations of motion (A.9) and the remaining constraint (A.8).
As far as the background (3.11) is diagonal one, and depends on two coordinates, we can use
the general expressions (A.25) and (A.26) for the first integrals of the equations (A.21), which
also solve the constraint (A.22), if the conditions (A.23) and (A.24) are satisfied. Let us check
if this is the case. The conditions (A.23) are fulfilled, because they take the form
ALa ≡ 0,
∂
∂ψ1
sinh2 ρ ≡ 0.
6
Consequently, it remains to satisfy the conditions (A.24). In the case at hand, they require, the
right hand sides of (A.25) and (A.26) to depend only on Y 1 = ρ and Y 2 = ψ1 respectively. To
see if this is true, let us write down the first integrals (A.25) and (A.26) explicitly
(2lpR)
4 ρ˙2 = − D2(ρ)
sinh2 ρ
≡ F (ρ) ≥ 0, (3.14)
(2lpR sinh ρ)
4 ψ˙1
2
= D2(ρ) + (2lpR sinh ρ)
2 UL(ρ, ψ1) (3.15)
= D2(ρ) + (2lpR sinh ρ)
2
{
λ0E
pi2
− (2lpR)2
[
cosh2 ρ
+ (2lpR)
2
(
2λ0T2∆
)2
sinh4 ρ sin2 ψ1 cos
2 ψ1
]}
.
It is evident that the r.h.s. of the equation for ρ˙ is a function only on ρ, while the r.h.s. of the
equation for ψ˙1 is not a function only on ψ1. Hence, the second of the conditions (A.24) remains
unsatisfied in the general case. There exists, however, a particular case, when it can be fulfilled.
As long as the four parameters Λ3,4i in our ansatz (3.10) are still arbitrary, we can restrict them
by the condition ∆ = 0, and choose the arbitrary function D2(ρ) as
D2(ρ) = d
2 − (2lpR sinh ρ)2
[
λ0E
pi2
− (2lpR)2 cosh2 ρ
]
≤ 0, d2 = const.
In this way, the r.h.s. of (3.15) became a constant and all integrability conditions (A.23), (A.24),
are satisfied. 3
The same result may be achieved by setting the membrane tension T2 = 0, instead of ∆ = 0.
In both cases, the solution of the equations (3.14) and (3.15) will correspond to a null membrane,
because the determinant of the worldvolume metric is zero for this configuration. We note that
such solution cannot be obtained by using the Nambu-Goto type action (3.13). It is identically
zero in this case, while the action (3.12), which we are using, simplifies to
SLG0 =
(2pilpR)
2
λ0
∫
dt
(
ρ˙2 + ψ˙1
2
sinh2 ρ− cosh2 ρ
)
.
Let us turn to the more interesting case, when the M2-brane extends also on the S4-part of
the AdS7 × S4 background. To this aim, we choose the following embedding of type (3.5) 4
X0(τ, δ, σ) ≡ t(τ, δ, σ) = Λ00τ + Λ01δ + Λ02σ,
X1(τ, δ, σ) = Y 1(τ) = ρ(τ),
X2(τ, δ, σ) ≡ ψ2(τ, δ, σ) = Λ20τ + Λ21δ + Λ22σ, (3.16)
X3(τ, δ, σ) ≡ ψ5(τ, δ, σ) = Λ30τ + Λ31δ + Λ32σ,
X4(τ, δ, σ) = Y 4(τ) = α(τ),
X5(τ, δ, σ) ≡ θ(τ, δ, σ) = Λ50τ + Λ51δ +Λ52σ.
The background seen by the membrane is (ψ1 = pi/4)
ds2 = (2lpR)
2
[
− cosh2 ρdt2 + dρ2 + 1
2
sinh2 ρ
(
dψ22 + dψ
2
5
)
+
1
4
(
dα2 + cos2 αdθ2
)]
, (3.17)
3How the equations (3.14) and (3.15) can be solved, we will explain on the example of the next case of
membrane embedding, considered below.
4The M-theory background 3-form on S4 is zero for this ansatz.
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and in our notations Xµ = X0,2,3,5,Xa = X1,4.
For the ansatz (3.16) and in accordance with (A.7), the energy E is a linear combination of
all conserved momenta Pµ
E = −(2pi)2Λµ0Pµ = −
(2pi)2
2λ0
Λµ0
(
Λν0 − λjΛνj
)
gµν .
Actually, the compatibility conditions (A.6), (A.7), can be satisfied by expressing three of the free
parameters through the others. If we choose to exclude Λ51, Λ
5
2 and P0, the following equalities
will hold
Λ51 =
1
Λ00P5
[
Λ01
(
E + Λ50P5
)
−D02P2 −D03P3
]
,
Λ52 =
1
Λ00P5
[
Λ02
(
E + Λ50P5
)
− d02P2 − d03P3
]
,
P0 = − 1
Λ00
(
E +Λ20P2 + Λ
3
0P3 +Λ
5
0P5
)
.
Here
D02 = Λ
0
0Λ
2
1 − Λ20Λ01, D03 = Λ00Λ31 − Λ30Λ01,
d02 = Λ
0
0Λ
2
2 − Λ20Λ02, d03 = Λ00Λ32 − Λ30Λ02.
Our next task is to solve the equations of motion (A.21) and the constraint (A.22), where
Aa = 0, Gaa = (g11, g44),
U = 2λ
0E
(2pi)2
−
(
2λ0T2
)2
det (Λµi Λ
ν
j gµν)
=
2λ0E
(2pi)2
+ (2lpR)
4
(
λ0T2
)2 {[
2
(
∆202 +∆
2
03
)
cosh2 ρ−∆223 sinh2 ρ
]
sinh2 ρ
+
1
2
[
2∆205 cosh
2 ρ−
(
∆225 +∆
2
35
)
sinh2 ρ
]
cos2 α
}
,
and ∆2µν = (Λ
µ
1Λ
ν
2 − Λν1Λµ2 )2. Now, contrary to the previously considered case, we have enough
freedom to satisfy the integrability conditions (A.23) and (A.24), for arbitrary value of the
membrane tension. To this end, we can choose
∆225 +∆
2
35 = 2∆
2
05,
D4(ρ) = d− (lpR)2
{
2λ0E
(2pi)2
+ (lpR)
4
(
4λ0T2
)2
×
[
2
(
∆202 +∆
2
03
)
cosh2 ρ−∆223 sinh2 ρ
]
sinh2 ρ
}
≤ 0,
where d is arbitrary constant. After this choice, the first integrals (A.25) and (A.26) of the
equations of motion for ρ(τ) and α(τ) take the form
(g11ρ˙)
2 = −4D4(ρ) ≡ Φ1(ρ) ≥ 0, (3.18)
(g44α˙)
2 = d+ (lpR)
6
(
4λ0T2∆05
)2
cos2 α ≡ Φ4(α) ≥ 0. (3.19)
The general solutions of these equations are given by
τ(ρ) = (2lpR)
2
∫
dρ√
Φ1(ρ)
, τ(α) = (lpR)
2
∫
dα√
Φ4(α)
.
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From (3.18) and (3.19), we can also find the orbit ρ = ρ(α):
4
∫
dρ√
Φ1(ρ)
=
∫
dα√
Φ4(α)
.
3.2 Exact membrane solutions in general gauges
In this subsection, we will consider several M2-brane configurations in the framework of the
ansatz (3.6), which corresponds to more general embedding than (3.5). Now, the membrane
coordinates Xµ(τ, δ, σ) are allowed to vary non-linearly with the proper time τ .
To begin with, let us take the most general ansatz of type (3.6) for the background (2.5)
X0(τ, δ, σ) ≡ t(τ, δ, σ) = Λ01δ + Λ02σ + Y 0(τ),
X1(τ, δ, σ) = Y 1(τ) = ρ(τ),
X2(τ, δ, σ) ≡ ψ2(τ, δ, σ) = Λ21δ +Λ22σ + Y 2(τ), (3.20)
X3(τ, δ, σ) ≡ ψ5(τ, δ, σ) = Λ31δ +Λ32σ + Y 3(τ),
Xµ = X0,2,3, Xa = X1.
The conserved momenta are given in (A.12), and for our case they read
Pµ =
gµν
2λ0
(
Y˙ ν − λjΛνj
)
. (3.21)
In particular, the membrane energy is
E = −p0 = −V P0 = (4pilpR)
2
2λ0
cosh2 ρ
(
Y˙ 0 − λjΛ0j
)
. (3.22)
The compatibility conditions (A.13) are satisfied for
Λ31 =
1
p3
(
Λ01E − Λ21p2
)
, Λ32 =
1
p3
(
Λ02E − Λ22p2
)
,
and the following relations between the conserved quantities can be also derived from them
E =
∆23
∆03
p2 = −∆23
∆02
p3.
The background (2.5) depends only on the ρ-coordinate. In this case, the general solution
for the membrane coordinate ρ(τ) is given by (A.19), which for the case under consideration
reduces to
τ(ρ) = τ0 +
1
2λ0
∫ ρ
ρ0
dρ√
W (ρ)
,
where
W (ρ) =
1
(4pilpR)4
[
E2
cosh2 ρ
− 2(p
2
2 + p
2
3)
sinh2 ρ
]
− (lpR)2
(
T2∆02
p3
)2 [
E2 sinh2 ρ− 2(p22 + p23) cosh2 ρ
]
sinh2 ρ.
To see the difference between the membrane solutions, obtained in the framework of different
type of embeddings, one can compare the above result with (3.9). Both solutions are for the
same background (2.5).
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Working with the ansatz (3.20), we have to write down also the solutions for the remaining
M2-brane coordinates Xµ, given in the generic case in (A.20). These general solutions are as
follows
X0(ρ, δ, σ) ≡ t(ρ, δ, σ) = Λ01
[
λ1τ(ρ) + δ
]
+ Λ02
[
λ2τ(ρ) + σ
]
+
E
(4pilpR)2
∫ ρ
ρ0
dρ
cosh2 ρ
√
W (ρ)
,
X2(ρ, δ, σ) ≡ ψ2(ρ, δ, σ) = Λ21
[
λ1τ(ρ) + δ
]
+ Λ22
[
λ2τ(ρ) + σ
]
+
2p2
(4pilpR)2
∫ ρ
ρ0
dρ
sinh2 ρ
√
W (ρ)
,
X3(ρ, δ, σ) ≡ ψ5(ρ, δ, σ) = 1
p3
{(
Λ01E − Λ21p2
) [
λ1τ(ρ) + δ
]
+
(
Λ02E − Λ22p2
) [
λ2τ(ρ) + σ
]}
+
2p3
(4pilpR)2
∫ ρ
ρ0
dρ
sinh2 ρ
√
W (ρ)
.
The next M2-brane configuration, we will consider, is based on the most general ansatz of
type (3.6) for the background (3.17)
X0(τ, δ, σ) ≡ t(τ, δ, σ) = Λ01δ + Λ02σ + Y 0(τ),
X1(τ, δ, σ) = Y 1(τ) = ρ(τ),
X2(τ, δ, σ) ≡ ψ2(τ, δ, σ) = Λ21δ +Λ22σ + Y 2(τ), (3.23)
X3(τ, δ, σ) ≡ ψ5(τ, δ, σ) = Λ31δ +Λ32σ + Y 3(τ),
X4(τ, δ, σ) = Y 4(τ) = α(τ),
X5(τ, δ, σ) ≡ θ(τ, δ, σ) = Λ51δ + Λ52σ + Y 5(τ),
Xµ = X0,2,3,5,Xa = X1,4.
The expressions for the conserved momenta, and in particular for the membrane energy are the
same as in (3.21) and (3.22). The compatibility conditions (A.13) are fulfilled identically, when
Λ51 =
1
p5
(
Λ01E − Λ21p2 − Λ31p3
)
, Λ52 =
1
p5
(
Λ02E − Λ22p2 − Λ32p3
)
.
As explained in appendix, we can now give three types of membrane solutions: when α
is fixed, when ρ is fixed, and without fixing any of the coordinates α and ρ, on which the
background (3.17) depends. In the first two cases, the formulas (A.19), (A.20) apply. In the last
case, we can use (A.25) and (A.26), if we succeed to satisfy the integrability conditions (A.23),
(A.24). In all these cases, the effective scalar potential UA(ρ, α) is 5
UA(ρ, α) = (λ
0)2
(2pi)4(lpR)2
[
E2
cosh2 ρ
− 2(p
2
2 + p
2
3)
sinh2 ρ
− 4p
2
5
cos2 α
]
+ (2lpR)
4
(
λ0T2
)2 {[
2
(
∆202 +∆
2
03
)
cosh2 ρ−∆223 sinh2 ρ
]
sinh2 ρ
+
1
2
[
2∆205 cosh
2 ρ−
(
∆225 +∆
2
35
)
sinh2 ρ
]
cos2 α
}
.
For α = α0 = constant, one obtains the solution
τ (ρ) = τ0 + 2lpR
∫ ρ
ρ0
dρ√
UA(ρ, α0)
,
5The effective 1-form gauge potential AA = 0.
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X0(ρ, δ, σ) ≡ t(ρ, δ, σ) = Λ01
[
λ1τ(ρ) + δ
]
+ Λ02
[
λ2τ(ρ) + σ
]
+
λ0E
(2pi)2lpR
∫ ρ
ρ0
dρ
cosh2 ρ
√
UA(ρ, α0)
,
X2(ρ, δ, σ) ≡ ψ2(ρ, δ, σ) = Λ21
[
λ1τ(ρ) + δ
]
+ Λ22
[
λ2τ(ρ) + σ
]
+
2λ0p2
(2pi)2lpR
∫ ρ
ρ0
dρ
sinh2 ρ
√
UA(ρ, α0)
,
X3(ρ, δ, σ) ≡ ψ5(ρ, δ, σ) = Λ31
[
λ1τ(ρ) + δ
]
+ Λ32
[
λ2τ(ρ) + σ
]
+
2λ0p3
(2pi)2lpR
∫ ρ
ρ0
dρ
sinh2 ρ
√
UA(ρ, α0)
,
X5(ρ, δ, σ) ≡ θ(ρ, δ, σ) = 1
p5
{(
Λ01E − Λ21p2 − Λ31p3
) [
λ1τ(ρ) + δ
]
+
(
Λ02E − Λ22p2 − Λ32p3
) [
λ2τ(ρ) + σ
]}
+
2λ0p5
(2pi)2(lpR)2 cos2 α0
[τ(ρ)− τ0] .
For ρ = ρ0 = constant, the M2-brane solution is
τ (α) = τ0 + lpR
∫ α
α0
dα√
UA(ρ0, α)
,
X0(α, δ, σ) ≡ t(α, δ, σ) = Λ01
[
λ1τ(α) + δ
]
+ Λ02
[
λ2τ(α) + σ
]
+
2λ0E [τ(α)− τ0]
(4pilpR)2 cosh
2 ρ0
X2(α, δ, σ) ≡ ψ2(α, δ, σ) = Λ21
[
λ1τ(α) + δ
]
+ Λ22
[
λ2τ(α) + σ
]
+
4λ0p2 [τ(α) − τ0]
(4pilpR)2 sinh
2 ρ0
,
X3(α, δ, σ) ≡ ψ5(α, δ, σ) = Λ31
[
λ1τ(α) + δ
]
+ Λ32
[
λ2τ(α) + σ
]
+
4λ0p3 [τ(α) − τ0]
(4pilpR)2 sinh
2 ρ0
,
X5(α, δ, σ) ≡ θ(α, δ, σ) = 1
p5
{(
Λ01E − Λ21p2 − Λ31p3
) [
λ1τ(α) + δ
]
+
(
Λ02E − Λ22p2 − Λ32p3
) [
λ2τ(α) + σ
]}
+
2λ0p5
(2pi)2lpR
∫ α
α0
dα
cos2 α
√
UA(ρ0, α)
.
When none of the coordinates ρ and α is kept fixed, the conditions (A.23), (A.24) will be
fulfilled, if by using the arbitrariness of the parameters Λµi and of the function D4(ρ), we choose
∆225 +∆
2
35 = 2∆
2
05,
D4(ρ) = d− (λ
0)2
(2pi)4
[
E2
cosh2 ρ
− 2(p
2
2 + p
2
3)
sinh2 ρ
]
− 16(lpR)6
(
λ0T2
)2
×
[
2
(
∆202 +∆
2
03
)
cosh2 ρ−∆223 sinh2 ρ
]
sinh2 ρ ≤ 0,
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where d is arbitrary constant. After this choice is made, the first integrals (A.25) and (A.26) of
the equations of motion for ρ(τ) and α(τ) reduce to
(g11ρ˙)
2 =
(2λ0)2
(2pi)4
[
E2
cosh2 ρ
+
2(p22 + p
2
3)
sinh2 ρ
]
+ (2lpR)
6
(
λ0T2
)2
(3.24)
×
[
2
(
∆202 +∆
2
03
)
cosh2 ρ−∆223 sinh2 ρ
]
sinh2 ρ− 4d ≡ F1(ρ) ≥ 0,
(g44α˙)
2 = d+ (lpR)
6
(
4λ0T2∆05
)2
cos2 α− (2λ
0p5)
2
(2pi)4 cos2 α
≡ F4(α) ≥ 0. (3.25)
The general solutions of the above two equations are
τ(ρ) = (2lpR)
2
∫
dρ√
F1(ρ)
, τ(α) = (lpR)
2
∫
dα√
F4(α)
.
From (3.24) and (3.25), one can also find the orbit ρ = ρ(α):
4
∫
dρ√
F1(ρ)
=
∫
dα√
F4(α)
. (3.26)
Now, we have to find the solutions for the remaining membrane coordinates Xµ. To this
end, we will use (A.16), i.e. the conservation laws for pµ, which in our case read
Y˙ µ =
2λ0pν
(2pi)2
(
g−1
)µν
(ρ, α) + λiΛµi .
Representing Y˙ µ as
Y˙ µ =
∂Y µ
∂ρ
ρ˙+
∂Y µ
∂α
α˙,
and using (3.24) and (3.25), one obtains
√
F1(ρ)
(2lpR)2
∂Y µ
∂ρ
+
√
F4(α)
(lpR)2
∂Y µ
∂α
=
2λ0pν
(2pi)2
(
g−1
)µν
(ρ, α) + λiΛµi .
This is a system of linear PDEs of first order, which general solution can be easily found. Its
replacement in the ansatz (3.23), leads to the following explicit expressions for the M2-brane
coordinates Xµ
X0(ρ, α; δ, σ) ≡ t(ρ, α; δ, σ) = Λ01
[
λ1τ(ρ) + δ
]
+ Λ02
[
λ2τ(ρ) + σ
]
+
2λ0E
(2pi)2
∫
dρ
cosh2 ρ
√
F1(ρ)
+ f0[C(ρ, α)],
X2(ρ, α; δ, σ) ≡ ψ2(ρ, α; δ, σ) = Λ21
[
λ1τ(ρ) + δ
]
+ Λ22
[
λ2τ(ρ) + σ
]
+
4λ0p2
(2pi)2
∫
dρ
sinh2 ρ
√
F1(ρ)
+ f2[C(ρ, α)],
X3(ρ, α; δ, σ) ≡ ψ5(ρ, α; δ, σ) = Λ31
[
λ1τ(ρ) + δ
]
+ Λ32
[
λ2τ(ρ) + σ
]
+
4λ0p3
(2pi)2
∫
dρ
sinh2 ρ
√
F1(ρ)
+ f3[C(ρ, α)],
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X5(ρ, α; δ, σ) ≡ θ(ρ, α; δ, σ) = 1
p5
{(
Λ01E − Λ21p2 − Λ31p3
) [
λ1τ(α) + δ
]
+
(
Λ02E − Λ22p2 − Λ32p3
) [
λ2τ(α) + σ
]}
+
2λ0p5
(2pi)2
∫
dα
cos2 α
√
F4(α)
+ f5[C(ρ, α)],
where fµ[C(ρ, α)] are arbitrary functions of C(ρ, α). In turn, C(ρ, α) is the first integral of the
equation (3.26).
Acknowledgments
The author would like to acknowledge the hospitality of the ICTP-Trieste, where this investiga-
tion has been done. This work is supported by the Abdus Salam International Center for Theo-
retical Physics, Trieste, Italy, and by a Shoumen University grant under contract No.001/2003.
Appendix A Generic formulas
Here, we describe the membrane dynamics and find the corresponding solutions of the equations
of motion and constraints, in the framework of the two ansatzes - (3.5) and (3.6).6 Initially, the
background fields gMN (x) and bMNP (x) are restricted only by the conditions (3.7).
A.1 Membranes dynamics in linear gauges
In linear gauges, and under the conditions (3.7), the action (3.1) reduces to (the over-dot is used
for d/dτ)
SLG =
∫
dτLLG(τ), V =
∫
d2ξ =
∫
dδdσ, (A.1)
LLG(τ) =
V
4λ0
{
gabY˙ aY˙ b + 2
[(
Λµ0 − λiΛµi
)
gµa + 2λ
0T2Ba12
]
˙Y a
+
(
Λµ0 − λiΛµi
)(
Λν0 − λjΛνj
)
gµν −
(
2λ0T2
)2
det(Λµi Λ
ν
j gµν)
+4λ0T2Λ
µ
0Bµ12
}
, BM12 ≡ bMµνΛµ1Λν2 .
The constraints derived from the lagrangian (A.1) are:
gabY˙ aY˙ b + 2
(
Λµ0 − λiΛµi
)
gµa ˙Y a +
(
Λµ0 − λiΛµi
)
(A.2)
×
(
Λν0 − λjΛνj
)
gµν +
(
2λ0T2
)2
det(Λµi Λ
ν
j gµν) = 0,
Λµi
[
gµa ˙Y a +
(
Λν0 − λjΛνj
)
gµν
]
= 0. (A.3)
The lagrangian LLG does not depend on τ explicitly, so the energy E is conserved:
gab ˙Y aY˙ b −
(
Λµ0 − λiΛµi
) (
Λν0 − λjΛνj
)
gµν +
(
2λ0T2
)2
det(Λµi Λ
ν
j gµν)
−4λ0T2Λµ0Bµ12 =
4λ0E
V
= constant.
6We use part of the results obtained in [6], for the particular case p = 2 (2-brane).
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With the help of the constraints (A.2) and (A.3), one can replace this equality by the following
one
Λµ0
[
gµa ˙Y a +
(
Λν0 − λjΛνj
)
gµν + 2λ
0T2Bµ12
]
= −2λ
0E
V
. (A.4)
In linear gauges, the momenta PM take the form
2λ0PM = gMaY˙
a +
(
Λν0 − λjΛνj
)
gMν + 2λ
0T2BM12. (A.5)
The comparison of (A.5) with (A.3) and (A.4) gives
Λµi Pµ = constants = 0, (A.6)
Λµ0Pµ = −
E
V
= constant. (A.7)
Therefore, in the linear gauges, the projections of the momenta Pµ onto Λ
µ
n are conserved. More-
over, as far as the lagrangian (A.1) does not depend on the coordinates Xµ, the corresponding
conjugated momenta Pµ are also conserved.
The equalities (A.6) may be interpreted as solutions of the constraints (A.3), which restrict
the number of the independent parameters in the theory.
Inserting (A.4) and (A.3) into (A.2), we obtain the effective constraint
gab ˙Y aY˙ b = UL, (A.8)
where the effective scalar potential is given by
UL = −
(
2λ0T2
)2
det(Λµi Λ
ν
j gµν) +
(
Λµ0 − λiΛµi
) (
Λν0 − λjΛνj
)
gµν
+4λ0
(
T2Λ
µ
0Bµ12 +
E
V
)
.
In the gauge λm = constants, the equations of motion following from LLG take the form:
gabY¨ b + Γa,bcY˙ bY˙ c =
1
2
∂aUL + 2∂[aALb]Y˙ b, (A.9)
where
ALa =
(
Λµ0 − λiΛµi
)
gaµ + 2λ
0T2Ba12,
is the effective 1-form gauge potential, generated by the non-diagonal components gaµ of the
background metric and by the components baµν of the background 3-form gauge field.
A.2 Membranes dynamics in general gauges
We will use a superscript A to denote that the corresponding quantity is taken on the ansatz
(3.6). It is understood that the conditions (3.7) are also fulfilled.
Now, the reduced lagrangian obtained from the action (3.1) is given by
LA(τ) =
V
4λ0
[
gMN
˙YM ˙Y N − 2
(
λiΛµi gµN − 2λ0T2BN12
)
˙Y N
+ λiΛµi λ
jΛνj gµν −
(
2λ0T2
)2
det(Λµi Λ
ν
j gµν)
]
.
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The constraints, derived from the above lagrangian, are:
gMN
˙YM ˙Y N − 2λiΛµi gµN ˙Y N + λiΛµi λjΛνj gµν +
(
2λ0T2
)2
det(Λµi Λ
ν
j gµν) = 0, (A.10)
Λµi
(
gµN
˙Y N − λjΛνj gµν
)
= 0. (A.11)
The corresponding momenta are (PM = pM/V )
2λ0PM = gMN Y˙
N − λjΛνj gMν + 2λ0T2BM12,
and part of them, Pµ, are conserved
gµN Y˙
N − λjΛνj gµν + 2λ0T2Bµ12 = 2λ0Pµ = constants, (A.12)
because LA does not depend on Xµ. From (A.11) and (A.12), the compatibility conditions
follow
Λµi Pµ = 0. (A.13)
We will regard on (A.13) as a solution of the constraints (A.11), which restricts the number of
the independent parameters Λµi . That is why from now on, we will deal only with the constraint
(A.10).
In the gauge λm = constants, the equations of motion for Y N , following from LA, have the
form
gLN
¨Y N + ΓL,MN
˙YM ˙Y N =
1
2
∂LU in + 2∂[LAinN ] ˙Y N , (A.14)
where
U in = −
(
2λ0T2
)2
det(Λµi Λ
ν
j gµν) + λ
iΛµi λ
jΛνj gµν ,
AinN = −λiΛµi gNµ + 2λ0T2BN12.
Let us first consider this part of the equations of motion (A.14), which corresponds to L = λ. It
is easy to check that they just express the fact that the momenta Pµ are conserved. Therefore,
we have to deal only with the other part of the equations of motion, corresponding to L = a
gaN
¨Y N + Γa,MN
˙YM ˙Y N =
1
2
∂aU in + 2∂[aAinN ] ˙Y N . (A.15)
Our next task is to eliminate the variables ˙Y µ from these equations and from the constraint
(A.10). To this end, we will use the conservation laws (A.12) to express ˙Y µ through ˙Y a. The
result is
˙Y µ =
(
g−1
)µν [
2λ0(Pν − T2Bν12)− gνaY˙ a
]
+ λiΛµi . (A.16)
By using (A.16), after some calculations, one rewrites the equations of motion (A.15) and the
constraint (A.10) in the form
habY¨
b + Γha,bcY˙
bY˙ c =
1
2
∂aUA + 2∂[aAAb]Y˙ b,
habY˙
aY˙ b = UA,
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where a new, effective metric appeared
hab = gab − gaµ(g−1)µνgνb.
Γha,bc is the connection compatible with this metric
Γha,bc =
1
2
(∂bhca + ∂chba − ∂ahbc) .
The new, effective scalar and gauge potentials are given by
UA = −
(
2λ0T2
)2
det(Λµi Λ
ν
j gµν)− (2λ0)2 (Pµ − T2Bµ12)
(
g−1
)µν
(Pν − T2Bν12) ,
AAa = 2λ0
[
gaµ
(
g−1
)µν
(Pν − T2Bν12) + T2Ba12
]
.
A.3 Solutions of the equations of motion
The two cases of membrane dynamics considered so far, have one common feature. The dynamics
of the corresponding reduced particle-like system is described by effective equations of motion
and one effective constraint, which have the same form, independently of the ansatz used to
reduce the membranes dynamics. Our aim here is to give their exact solutions. To be able to
describe the two cases simultaneously, let us first introduce some general notations.
We will search for solutions of the following system of nonlinear differential equations
GabY¨ b + ΓGa,bcY˙ bY˙ c =
1
2
∂aU + 2∂[aAb]Y˙ b, (A.17)
GabY˙ aY˙ b = U , (A.18)
where Gab, ΓGa,bc, U , and Aa can be as follows
Gab = (gab, hab) , ΓGa,bc =
(
Γa,bc,Γ
h
a,bc
)
, U =
(
UL,UA
)
, Aa =
(
ALa ,AAa
)
,
depending on the membrane embedding.
Let us start with the simplest case, when the background fields depend on only one coordinate
Xa = Y a(τ). In this case the solution of (A.17), compatible with (A.18), is just the constraint
(A.18). In other words, (A.18) is first integral of the equation of motion for the coordinate Y a.
By integrating (A.18), one obtains the following exact membrane solution
τ (Xa) = τ0 +
∫ Xa
Xa
0
( U
Gaa
)−1/2
dx, (A.19)
where τ0 and X
a
0 are arbitrary constants.
When one works in the framework of the general ansatz (3.6), one has to also write down
the solution for the remaining coordinates Xµ. It can be obtained as follows. One represents
Y˙ µ as
Y˙ µ =
dY µ
dY a
Y˙ a,
and use this and (A.18) in (A.16). The result is a system of ordinary differential equations of
first order with separated variables, which integration is straightforward. Replacing the obtained
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solution for Y µ(Xa) in the ansatz (3.6), one finally arrives at
Xµ(Xa, ξi) = Λµi
[
λiτ(Xa) + ξi
]
(A.20)
+
∫ Xa
Xa
0
(
g−1
)µν 2λ0(Pν − T2Bν12)
(
UA
haa
)−1/2
− gνa

 dx.
Let us turn to the more complicated case, when the background fields depend on more than
one coordinate Xa = Y a(τ). If the metric Gab is a diagonal one, then the effective equations of
motion (A.17) and the effective constraint (A.18) can be rewritten in the form
d
dτ
(
GaaY˙ a
)2 − Y˙ a∂a (GaaU) (A.21)
+Y˙ a
∑
b6=a
[
∂a
(Gaa
Gbb
)(
GbbY˙ b
)2 − 4∂[aAb]GaaY˙ b
]
= 0,
Gaa
(
Y˙ a
)2
+
∑
b6=a
Gbb
(
Y˙ b
)2
= U . (A.22)
To find solutions of the above equations without choosing particular background, we can fix
all coordinates Xa except one. Then the exact membrane solution of the equations of motion is
given again by the same expression (A.19) for τ (Xa). In the case when one is using the general
ansatz (3.6), the solution (A.20) still also hold.
To find solutions depending on more than one coordinate, we have to impose further restric-
tions on the background fields. We cannot give a prescription how to solve the problem in the
general case. However, we can give an example of sufficient conditions, which are fulfilled in
many cases, and which allow us to find the first integrals of the equations of motion (A.21),
compatible with the effective constraint (A.22). If we denote one of the coordinates Y a with Y r
and Y α are the others, these conditions on the background can be written as
Aa ≡ (Ar,Aα) = (Ar, ∂αf), ∂α
(Gαα
Gaa
)
= 0, (A.23)
∂α
(
GrrY˙ r
)2
= 0, ∂r
(
GααY˙ α
)2
= 0. (A.24)
By using the restrictions given above, one obtains the following first integrals of the equations
(A.21), which also solve the constraint (A.22)
(
GrrY˙ r
)2
= Grr

(1 − nα)U − 2nα (Ar − ∂rf) Y˙ r −∑
α
Dα
(
Y a6=α
)
Gαα

 = Fr (Y r) ≥ 0, (A.25)
(
GααY˙ α
)2
= Dα
(
Y a6=α
)
+ Gαα
[
U + 2 (Ar − ∂rf) Y˙ r
]
= Fα
(
Y β
)
≥ 0, (A.26)
where nα is the number of the coordinates Y
α, and Dα, Fr, Fα are arbitrary functions of their
arguments.
Further progress is possible, when working with particular background configurations, allow-
ing for separation of the variables in (A.25) and (A.26).
17
References
[1] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, A semi-classical limit of the gauge/string
correspondence, Nucl. Phys. B 636 (2002) 99-114 [hep-th/0204051].
[2] E. Sezgin and P. Sundell, Massless higher spins and holography, Nucl. Phys. B 644 (2002)
303-370 [hep-th/0205131].
[3] M. Alishahiha and M. Ghasemkhani, Orbiting membranes in M-theory on AdS7 × S4 back-
ground, JHEP 08 (2002) 046 [hep-th/0206237].
[4] M. Alishahiha and A. E. Mosaffa, Circular semiclassical string solutions on confining
AdS/CFT backgrounds, JHEP 10 (2002) 060 [hep-th/0210122].
[5] S. A. Hartnoll and C. Nunez, Rotating membranes on G2 manifolds, logarithmic anomalous
dimensions and N = 1 duality, JHEP 02 (2003) 049 [hep-th/0210218].
[6] P. Bozhilov, Probe branes dynamics: exact solutions in general backgrounds, Nucl. Phys. B
656 (2003) 199-225 [hep-th/0211181].
18
